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FOREWORD

The work reported here was undertuken as a part of RAC
Project 91.1.5: “Limited War Capability Study — 1967." The anal-
ysis had not been sufficiently advanced at the termination of that
project to allow the findings to be considered for inclusion in the
overall report. '

The decision to undertake this analynis was made by Dr.
Wilbur B, Payne, coorditator of the study, who-saw its usefulness
as guidance for certain techniques of analyzing or stmulating the
results of war games. Dr. Payne followed this work closely and’

provided considerable aid in-ecstablishing orlginal guldslines, in
‘ tntorprptin;z prellminary results, and in developing the conclu-

sions.” Pr. Phillp H. Lowry hus provited valuable assistance
throughout the study., Bis long-standing interest in analysis of the

.tables in Bodart’s Lexikon was an important part of the initial .

atimulus, The Author has benefited materinlly from discussions
with other Yorkists and Lancastrians on the RAC staff, particu-
larly Dr, Hugh M. Cole and Dr, George 8. Pottee, In the end, how-
ever, the responsibility for errers of analytical proredures ‘of -
data, and of [indings lies #olely with the 'mmor.

The author ig grateful to Mr. Geurge E. Clark Jr.and to the
staff of the Computation l..a.boratory for expeditiously transferring -
a mass of daty, In Bodart to punched cards, and for asaistance in
programming the analytical routines for execotion. He'ls obliged
to the ataff of the Strategy and Tactics Analysis Group, and par-
ticularly to Mr, Daniel Belsole of the Computation Division, for
most thoroughgoing cooperation during the trial and execution of
the program on their IBM 7000, " Finally, he thanks Dr. Irving H.
Slegel who tolerated thig divergjon in his Division,
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- measures of attrition of forces are those pro[bosod by F. W, Lanchester in the .

N

PR%)LEM

Withaout preJudlce to the hypo..hesis that either of Lanchester's laws—

* lHnear or square—accurately depicts the attrition ol.forces over short periods

of time in the engagements of small lind-combat units (e.g. platoons or com-
panies), it may be asked whether an elementary form of these laws, or w simpic

' generaxi?htion of them, adequately describes the course an\d outcome nf hattles
- between armies. Specifically, the goal of the investigationreported here was
to determine, by an examination of historical military: data,” the extent to which"

nuchcster 8 oqtmtions are an ex p‘ esqion of a geneml property of battlo. :
BACKGROUND ‘ o SR

In order to simulate combat (rs with a war game) or to interpret the re- - -
sulls of combat real or ﬁinwlatvd iU 1& desirable (o have a set of critieria .

* that will halp to e Wi the gquestion: “Whicli side will'win thig Dattle?” The

‘eriterfa should be objective; 1.o., oxpressed in forms of observables such as

the number of casualtics caused, prisoners captired, territory controlled, o
othisr tangible evidencd of a vic tm‘iouq poqturﬁr.v Simplicity of application of

the ¢ clterig ajso argues that thuy should be qu.lntit'itxv e, and among the simplest

form ‘of the equations tlmt bear his name. - ¥
In attempting to apply Lanchester’s equations o the out('omc of war gumeq

it was Toutid necedsary to Invoko somo pr muplc-—-luatmi(,ul pvecedult was

chosen—in order to fix Lhe values of certiin quantities in ageneralized form.

of the equitions.” Walss® has carvind out the only comparable analysis; for a

amall aumple of recent batfles he presents evidence of the relevance ol L‘ln-

chester's square law  On the other hand ne questions=and 80 does Snow'=~the

'vallditv of llnear or square law when applied to .1rl)m'ury land battles. Helm-
© bold? has derived some of the parameters of 92 battles from an extended perfod,*

but he asanmes that the battles analyzed necessarily belong to a particular
Lanchester gpecies (again the square Jaw). The major surveys of the statistics
of armed combat (up Lo or Including WWII has. bueen largely limited to the

casus belli and not to the circumstances that led to the termination of combat.?

I was not possible in the time available to expiscate from their divers
sources the appropriake detiils of modern batlies; on the, gthur hand, Bodart?

£ Pl mmt sisnificant gl of his work did 6t eame to aur attention until thin paper was in proof. 1t ap-
poars that the conclusiens of Ref 4 and of this stady sre complementary,
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_SUMMARY-

has provided a comprehensive statistical survey of 300 years of warlare
(through the Ruaso-Japanese War). The resuits reported here have been de-
veloped from his tables. Smith and Donovan® made an examination of tlie same
source for the casualty ratios and the effect of force ratio on chances of vie-
tory; otherwise the source examined here appears to be a Yallow lield and the
treatment given it in this paper, unique.

- DISCUSSION

For a quick reading of this paper the reader is directed to the “Intro-
duction” and to Secs 1 and 4. Here he wiil find a:description of the data ex-
tracted from Bodart, the méthods of grouping the battles for analysis, and
four tables (Tables 2, 3, 6, and 8) that could be developed without regard to

-any one theory of battle. The battles were assigned to elther of two categories:
I, meeting. engrgements and similar combat; I, sieges, attacks on fortified po-

sitions, and similar combat. No explicit designation of either combatant as
attacker was made,. although for the battles of Category IT the attacker was.

-‘generally the stronger.

Table 2-shows that Catogory I combatants joinpd battle mosl fx aqueutly
when the force ratio was nearly 1 lo 1, rarely al disparate strengths. Accord-
ing to Table 3, victory in a Category Ibattlo was almost independent of force
vatio. For Category I the reverse was true; force ratio had little to do with
the jolning. of battle but rather more with the ouicome of the baitle,

. Table 8 shows that for tho 84 most vecont haulus ol C.xtegmy I force ratio
has no effect on outcome until it exceqds 4 to 1.

Thou.gh it has nothing to do with force ratios, Table Gthows how {r quenlly.“ g

bloody batties have occurred. To enter the table, one musk first compute the

" ratlo of killed and wounded to initial strength for each sid¢ and select the larger

number. In the table he will find the fraction of the buttleq, studicd for whicb
this number-is less than splacted values. . sl .
The results that deul with force ratio have an important bearing on the
rest of the paper' if Ior(,e ratio has little effect on outcome of b’lt“(!, Lan-
chester’s squations cannot be expected to be wall validated. .
Forget this particular warning temporarily. It is'still not at all obvxous )

“that either the lincar law or tho square law {8 correct ap a rule. A (irat step -
- in the direction of generalization is the construction of a form of the equations

that contains the two laws as special cases. From initial- and final-strength
data for baltles {o which this general form does apply, 1t is possible to doter-
mine the vialue of a parameter of the equations—here called y—ihich distin-

guishes among linear, square, and “intermediate” laws: Methods for finding

the best value of y and for finding how well the theory supports the data are

described tn Secs 2 and 3; the results of.the tests are reperted and discussed
In Secs 5 and 6.




Findings

(a) Results are insensitive to the choice of y, but if it has 4 single.bost
value this value seems to imply that the rate at which one side suffers cas-

ualties increases as its opponent’s strength is reduced. This description of

an effect is not to be taken as an explanation of it. . The observatlon holds for
each Category when it is considered intact and also when it 18 split into a few
sections chosen according to the year of the battle, the combined strength of -
cpponents, the force ratio, or the ratio of casu umcs tu initial strength., (For -

an exceptioh, see b.) The effect is more pronounced for battles of Category H, .

(b} Those battles in which the exchange ratio is most nearly unity {(as
computed from linear or square law) also show the nearest fit to these laws.
An interesting by-product of the analysis of Sec 5 is the table (App B) of those
battles in Category 1 which most nearly fit these laws. With the exception of -
Blenheim and Marengo they seem historically insignificant. '

2 e paavy

. SUMMARY:

(c) Some evidence suggests thatthe rate of attritionof the winner' sfor(.es

‘depends on the losér! g strefjgth in'a mmmer differeat from the dependenr‘e of
“the loser's cagualty mte on the winner's stpengih. An extreme example of

this effect wpuld be'that battle in which the [oser presents himsell as a target

' rmcording to the linear law while the. winner étppeazs as a square~law target.

Of course the statistical tests reported here support no such ¢lear-~cut differ-
entiation, nor 18 there any simple interprotation of this result,

(d) The findings in a and ¢ are insefigitive to errors of 10 percent in the
cagualty data, as demonstrated by altering these numbers e\ither systematic ally
or randomly by such amonnta, :

(e) A stochastic versidn'of Lanchester’s. equutions corred ’dy “m edicts”
the outcome of 8 battles out of 10, where sheer chance would give correct re-
sults for 5 battles. It was possible to achieve this aceuracy by using 4 value
of the exchange ratio-computed from {inal gnd initial strengths.

(f) A& a result of e the stochastic theory can be “.wked” to predict tho .

y

" contents of Table 3. The results are shown in Table 14. It will'be seen that b

the battles of Category II are rather well explained, but those of Category 1 are
less successfully ‘explained because theory predicts a dependence on force ratio,
The results of e and f.are entirely unaffected by a cholce of . .

(g) The exchange ratio has prowed a mercurial concept, leading to sev-

" eral unfruitful analyses at the onrly itages of this study. A method of comput-

ing it for a single battle served as a control in two tests (b and e), but attempts
to isolate a hagt value for a Category or a subcategory were unsuccessful,

CONCILUSION®

1. Since the battles of Category I show a higher currelation with theory
than do thnae of Category I, the properties that differentinte these groups may

‘provide a key to better understanding of attrition of forces in land warfare.

i

Ll Ll




SUMMARY

One of these propertics may be posture (offensive or defensive), but alone it
is insufficient to achieve accord between facls and theory.

2. In general, force ratio has had little to do with determining the out-
come-of the Lnttles studied.

3. Lanchester’s square law is the poorest among poor alte: ~n¢t1ve choices

- of deterministic laws, though results are insensitive to y.

4, By elimimtmn it is presumably the exchange ratio E that has controlled
the outcome of these battles and is in some fashioti responsgible for the extent
{o -which a stochastic form of the theory explains Table 3. Although Lanchester
offers an expression that apparently yields by hindsight a satisfactory estimate
of -E there is no theory for E. The writer concludes that in the absence of any
method of predicting E reliably there is little value'in a simple version of Lan-
chester’s equations as a predictive tool whe1 e the only known quantities a re.
initial strengths. '

Since those conclusions pre mainly regative in charneter they are really questions
to he askdd about the outeome ol wore recent battles. Consldering that the largest col- -
lection of hattles yot analyzoed yiclds the lamest defense of Lanchester, | it may be asked if

" these resulta do nal simply furndsh an additional proof that large quuntltles of medioere
“dntn are no substitute for a’ Ilm\t(\gl amount of nccurate data? Maybe, but there is sirong.

rcason to helleve that tho testing of contemporary hattles agalust those thidings would

be fnconclusive if il were t6 rely on « small quantity of datg, whatever the quallty.-
Asg_n photograph can be misleading boeauss the third dimension has been Hup-

presscd, so pr eaumibly the poeuliar resulia deserihed ahoya are pnouan' bhocaure {he

“theory lacka an cssential dimension=a fiypothesia, It is unlikely that poor data are on~

tirely responsible, though more und better data can shed the Hght that converts a two-
dimensionn] IMuslon Info a ‘menulyyiul thr er-—dhnenaiunul reality,

At the present time no snlhéhu,tmv explanation of the deficiencies ‘of Lanchkesier’'s
equutions {u known. The followihg! &-rmjccu‘ro is unsupported hut open (o testing: Al-
though human behavior patterns (conafrants) oxiat for which thore are statiaticn) laws,
the clasaie sltvations w which the linear or the square law may be expeeted fo apply
(Woise?) ropresent battles in whick the funetions of command and contrul seem to be
raiaging, The equations scom to he averaging over dehumanized evonts. If this 18 so,
then a probabllistic lhcory. If it predicts that the most likely state of affajra.fa con-
formity to Lanchesler’s equations, may be corrsct only in the absence of command or

- of opportunity tor effective control, 'T‘l'u- prescnce of theae factors may mako conlorm~

ity loast Iikoly

5, Wlthnut prMudicu to the status of Lanchester’s equations as they refcr

*to-small units in combat, it is felt that justification for thelr use in large-scalg

situntlor\s has not been demonstmted . ’

*For n dilfarent say of exprensiug conceim an this topive see Cline.® Sea 4.
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GLOSSARY OF SYMBCLS

actual number of battles won by the strongcr side

(differential) exchange ratio

me/mo

nc/no

unknown function in Lanchcster s equanons

number of groups .

(integral) cxchange ratio (= E1/(1+))

instantaneous numbers of combatant troops in Red army, usually the loser

-value of m at beginning of battle

value of m at end of battle

Red casualties (=mg ~ my)

instantancous numbers of combatant troops in Bluc army, usually the winner

see mg, mp, me  above

number of battles with w<w”’

probability that Blue (or stronger) will win if w=uw"’

larger of (n./ng) and (m./mg)

larger of (ng/mp) and (mo/no) ,

time or timelike quantity, or “Student” ’s statistic

expected number of battles won by stronger

the variable used in Brown’s thcory to predict victory -

log n./m., the independent variable in corrclation analysis: also mz in App A

log mgp/ng or log mg, dependent variable in correiation analysis: also n/z in
App A

log ng, dependent variable in correlation analysis; also 1% = f1/{201+)]
parz..eter in Brown’s cquations

exponent describing loser’s effectivencss in asymmetric Lanchester equations

exponent Jescribing both opponents’ effectiveiess in symmetric Lanchester
cquations

exponent describing winner’s cffectivencss in asymmetric Lanchester equations

log E in corrclation analysis

chi squarcd, Pcarson’s statistic

correlation coefficient, generally Pry

corrclation coelficient describing dependence of x on y

partial correlation coefficient describing dependence of z on vy when z is
held fixed

variance of number of battles won by stronger
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 strengths of combatants were analyzed in almost 1500 land battles, ioughtnloa,tl)i -

. (see Bec 1), and the page reference in the Lexlkon (where battles are listed i

INTRODUCTION

To determine the historical mfluonce on the out(‘ome of bfntle of H “Dm ce”
or “constraint” as expressed in Lanchéster’s equations,’ the initial and’ f’ln.ll\

by Europeans on European soil from 1618 to 18900, o
The source of the data is Bodart’s Militiir-historisches hrmgb Lox1kun,7'ul
well known for its compieteness and accuracy, {rom which a sample page has |
been reproduced as Fig. 1. The strength and casualty figures reported by
Bodart were transferred to punched cards,* along with tags identifying the
winners and losers, the completeness of the-data, the citegory of the battle - .-'j

|
J

(‘hronologi(‘ally) The designation ol a given mmbal‘mr as winner was Bocl'u't’

and px esum.xbl" rellects the judgment ol higtoriang generally, . L
ol ol slatigtical tests was choson an wd, on account of the mapnitudc, of ‘ L %
werk 'mm-lmtul programmed [or.an IBM 7000 computer, In Sces 2ind 3 thb oo iy

Lanchoster equations are (r anslated into forms smtable for use in. thL reduct on,
of.the data and for comparison with the data. Section 4 pr oscnts some -.Jt‘ms'
tical Summaries reguiring for their-caleulation np particular theory of-. Lmtllg,
and reports of theanalysis based on 1he detprministic and the ‘stochastic .
forms uf Lanchester's equ'ltmnb are g,iven in Secs 5 and 6, respectively.

i

1. DATA

For tiiis study all the sea ballles, as well as thuse land battles for which
the initial etrength of ul least one of thc combatunts wng missing, werd deleted
from Bodart’s list, leaving as the sample the numbers of batiles report(,\d in -

Table 1. To simplify the analysis thasdé battles thal could be roughly de‘)rrlb@d

--as meeting engagements were grouped hito Category 1 (Bodart’s clasges:

troffon, gefecht, and schlacht) and those which were siepes, attacks on forts,
etc., in Category II (Bodart's classes: byl agerung, einnahme, eratiirmung, ) ‘ ,
kapltulation, and uberfall),] Two classes of casualties were r_ncognizocl - I

- “dead and wounded” collectively and “misdsing and caplived.” M only one

number was given for total lngses, and‘the text did not indicate to the con-

trary, thisnumber was recordetl under the “tload and wounded” heading. Since

such an aggregation of data was more likely t¢ occur for the winner than the

loser, the classificalion is probably in accord with reality. Although the cas-

ualty figures used in the analysis were those of the firsgt type unless otheywise
*(opies of this cord deck nre nvniloble,

TThese are not 10 be confused with Bodort's six Categories, wihich are defined by the total number of
canunlties on hoth siden.



s

indicated, muny of the conclusions of this study do not lean on casualty data,
and the analytlical results are mainly independent of this choice.

. Tanrw 1
NIMBERS OF DATTLES DETARED IN BODART
B Category 1, (.ategory I,
) Condition engagoments siages ‘Votal
Initinl-strength date® 82 J23 404
Hoth initinl-strength o i
and casunlty dataP 939 149 . 1088
w4l 149

Total

g

B80nly initinlstrength dota available. :
bRoth initinl-steength and casualty daty nvailnble for hoth sides,

2, %‘11!«:011\(: CORRELATI()N ANM.,sts

Assume that euh ot the bwltles for wluch there aro mitm]- and fital-
strength data represents.a possible! solution te a g,cn(,ml.zed L'm(,h(‘ster taw:

f'-'l“——u-%nrﬂgm,n:g)
dt

) . {1)
»%--Eﬁmyq(m n; l)

" whére m is the Instantaneous qtrongth of the loser (Red), and t of the winner ]
(Blue}, atm,m; 1) {8 a term symmetric under intgrehange of m and n, E is some
- power of the exchange ratio, ¢ 18 a timelike variable, andy is an pronent
" ~whose vwlue ‘determines the form of the l..w If y = 1 the squ'u'e law obtaiis,
. ' S andf v = 0 the lnear law.*
\ . S R It can be argued fhat'a real bd.ttlc congists of many small frays. In fact,
Lanchester himsell so argued. Were cach fray to salisfy all the requirements
" olthe linear law or squarc luw, while collectively they were to display a spec-
trum of values of the parameters in Lanchester’s equations, one would espect
the gverall effect to be “intcrmcdlatc to & pure cane ofy=0ory =1 If this
were in fact true, then an ‘lppmprhte method of avemgim, such a set nf'data-
as Bodart's ;.hould yield an “effective” value of ¥ somewhere befween 0 and 1.
“This section and the one following are devoted to methods of deriving an effec-
tive value of y, whatever the circuinstances that generate it, (The question of
the exigtence of an effective value of T i8 discussed In Sec 5.1)
Since (a) the durations of the conflicts were not well reported and (b) the
relation between the vartable + and actual time involves additional unknowe em-

*Morao and Kimbal 19 asuume ~ . 1 for hoth fawns, Weina? takes g = 1 for the syuare law, g = ms for the

linear law,
TH can wlae be argued thot this Lirtrrageneity of bottle implieg o complicated a yeneralization of Lmm-

chester’s nquutions as 1o cant suioni doubi en their wility, See Snowd and Smitk, 1
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pirical parameters, time has not been used as a datum.* Rather this integral
of Bq 1 was used:

né»u-y_"; ty
L ~, (2)
m“y--ml +y
0 f

which is independent both of £ and of the function g. (The subscrint o refers to
initial strengths, subscript { to final strengths.) ST

One method of averagmg involves an approxxmation to Eq 2. It may be”
rewritten -

“Y [1 (1= r)“’| rm“V 'L] -(1- f)”Y] : s (3)

T

Chare fy o100

ng no p

" m-- . ;  o . . e -
fm - l———f-\-—c- . . . . T ; :
. My Moy ‘ [ . . . i

nc e = . casualties to Blue and Red, r(’HpQ”LlVGI_y

Since in 90 percent of the battles of Categary I both [, and fu were less

" 'than Y {zce Table 8) the left- and right-hand sides of Eq 3 can be expanded by

the bmomlal thcurom keopmg only the leading terms:

m ny(ll )-Em mym. )

L e oom ’ . .
4 log—= wlog B4y log -—'91 s : "
i m. ) tp .

or with an obvious Qu,bstit;pti'()n:
' JAmedyy I . (4)

.‘Equ vtion 4 was usod to derive y by linear regresaton. The 1‘de1ts are re-

ported in Sec 5
To cxpress the poaslbillty that wmnex and loser may fight’ dlf[crently ina
Lanchestvr ~-type situation, Eq 1 may be modified as follows:

o L I e
P \ : , o (5) ' |
- LIS : j

" i
ai . !

*Assuining for the moment that £ = 1, let m = r cos 0 end n = r sin ¢, Then Welas' farmulation of the lwo,_
lnwa lendy! to ) ;
nZ . r2—= kfmnjt=Y

dt dt dr
indicating.that the rate ot which area in swwepl ont by the radiua deawn from the origin to the point with
Gartesian aotdingten fm, o) in independent of the time in the squatedow case, but 18 o decerasing fanction
of the time in the Jincar cane, Knawledge of the cosordties nt a time that Aphm the battle into known frac-
tions is thus the busis of & sharper test for y,

i1
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‘Then the analog of Eq 2 is

and of Eq 4 is

n
log == =log E+f8 log mg—~8 log ng
mC

or by an obvious substitution:
. K=et fy~dz: ’ (6)

The results of the regression analysxs using Eq 8 are also reported in Sec 5.
3. THEORY: STOCHASTIC LANCIIFSTER EQUATIONS

“ A'more eleganttreatment resuits from dropping thehésumption of Sec 2
and adopting the weaker hypothesis that these battles obey a stochastic form of
Lanchester’s equations Such eqtntions are derived and discussed by Morse

. and Klmball“’ and from’a somewhat more fundamental point of view by’ Brown
"t 18 clear that Eq 1.{or By 5 for that mwtter) is ‘ndependent of the choice of .-

scale-for m_and n. .Théso symbols can be 1nterprs!ted variously as- numbers of
men, companics divisions, ote,, without; Altering the form or- Qupnrncml mean-

" -ing of the answers; the equations are essenthlly” homogeneots in_m and n,*
In the equations as treated by Morse and Kimball, m @nd n are qtn(‘haﬂtlc var-

{ables whose.dispersions are related to thelr magnitudes, and the solutions to
the equations aré thp expected numbers of survivors and the dlspersxona of
these numbers, If mg and np are less than 10 say, these dlspersmns geen to

" be in conformlty with experlence; on the other hand if my and ny are as-large
-8 10* to 10 the dispersions are vanishingly small. * (The argument in App A

showa that the solutions of the set of equations.that are the continuous-variable
analog of the stochastic equations yinld zero dlspersion a.buu{ the solutlons to
Eq 1.)

1t is clear then that in anv application of the stochaatic cquations '1 sml- '

‘ ing rule must be used. An wpealmg choice of a scale factor is

SF = iliging o
times some quantity that m nearly unify In essence thie i wh'tt Brown does
in dariving approximate sclutions to the stochastic cquations, valid in the lmit
of large my and ny. His conclusion is that for fixed my and ng (th standing for
Red, n for-Blue) the probability that Blue wins is given by

. . Plw) m Lil w > wg

w

’. exp (-%1%) 't

Plw) = .—-u-l
g

[ exp (=%t %) dt

Jogg

Plw) « 0 if w < ~1wyq, )

if =t S Swy (8)

*Admittedly the definition of a cosualty is loss obvious when m und # count companics or divisions,
Are 10 companies that have taken 30 percont cusualiion as effective as 7 unscathed?

12




where \
%
w =g /z~mpz) [(1+29)/mg +ug)]
%

W)=z [(142y) (g +ng))

% f (9)*
|
Wy w [(1420) g +1g) ]
z
A
2= (E) Ihy, )
If uy and wy are large enough we have apfiroximately
Pew) - (2 -r) ~4 f oxp (- /:(2)11( o (1

'It is worth wh\lo to obser va th'\h Eq 2 c"m be rewr 1tten
(no/z)”y-'(mo/)‘ "Y - (n /z)”)’ (mz)ttY,

s() that w predicts with probm, ity P(w)or 1-P(w), the outr'ome that Eq 2 pre- ,
dicts with certainty: P( y'ean be computed:df mg, g, ¥, and E.are known. If the
~ ballle has been a true Lanchester bilile then F'ig glven, at least apprommntely,
* by Eq 2. P(w) ¢an thon be computed 1€y, mg, ng, np,.and y are known, It is
assumed for the purposes of the following analysis that one is justified m com-~
puting E from Eq 2. Then yis the only free parameter to be determined. (To
appreciate a later result note that Lhe expressions fox‘ w wy, and LU2 all require
that kS be greater than =.5.) L P

(Another approach, not adopted he hnrn & Lo take my andng in Eq 0 to smnd for the
sirongths after known numbom of cnsu.ﬂtlcs have bsen sulinred, hut to compute & from

tho initial strengths and these sasualtios as before, | would thcn ‘have been glven the-
meaning of the prohability of a Blue vietory If the combatants had not decided to quit at
thls particular timé, Thore are semantio difffeuliies In pursuing this course. ) :
Aasume for the moment that Blue (n the ultimate witiner) is alway,p the .
stronger and introduce the funétion , o
N1 ") = number-of batrles with w < w' L L

Ni=na}m O
Ni{gm)= N, the tot nl number of b Mua in sample.

'I‘hen V,, the expected aumber of victorins by the stronger, is given by

Vg J‘ P(w)d”(“” (,11=‘)

dw

since this is an cxampie of a Bernoulli process if one neglects in p'lru('ulzu' the
gerial correlation of victories in battles of a given war. The variance of the
predicted number of victorles is simply S

"fmf r‘(uon-mwnﬂd(‘_“)du,. C2)
ke t .

*1iquation 9 actually conatitutes an extension of Hrown's argumont ta the cae of an arbitrary value of

y, Brown aasumed that y = 1,

13




For those battles in which Red (n the loser) is stronger P(w) is replaced
by P{=w). This Teids to ambiguity where m = n but w# 0 and P+ ‘4. In this

latter case one may either take P = Y or disregard such batiles (about 3 percent),

For an actual set of battles Vg and of will he computed from

N
Vim B Qi (13)
and "
v2-Z Q1-q), (14)
l-u.
where

P(w‘). n>m
Q-4 % ]r i3 nﬁmw.
[ P(- w,)J ln< m"j
The sums .converge to the vorresponding mtegmls of Eqs 11 and 12 in the 11m1t
of large numbers, qu these sums there are direct tésts. ;
If the N battles are broken into G groups, each of size N/G, one can com-
pute ng and osﬂ B8=1,2,...,06). A s the actual numbar of battles won by the

- gtronger (‘ombatant in the battlés of the gth group, can be taken frcm Bodaxrt,

These quantities can be cembined as the parameter
5

x2= Z‘:(I.‘!a,‘v ) : , ,}{' , - (15)
g=l a .‘.' «./

© which should ocbey & cm aquare distribution in G degrees oL ‘freedom.* One can ‘

also observe 1ow Ve,lug, and ‘( vary with y. The significant test uses data so
organized that the battles of u given group have (nearly) the same force ratio Ry
(see Soc 2).

The a.rg;ument for the stochastic equations is-that they allow for fluctua-

. tions about the “ solution path” of the deterministic equations. The validity of
‘this approach depends-in turn on the validity of an additipnal unstated hypothesis,

viz., that military action during any of these excursions tends to return the var-
fables to values on the solution path. This restoration would be the effect of the -

‘force alluded lo in the title and the “Introduction.” If an army. is able to rtiad

in Lanchester’s equations its imminent defeat, it will surely do everythingiin its
power to modify the parameters and the outcome of battle. To the extent: that

. the stochastic equations remain unsupported in this analysis, the writer feels
‘the hypothesis of stability is also quastionable. ,

4, I‘ORCE RATIO,. INCIDENCE OF BATTLE AND VICTORY

In a sense Tables 2 and 3 contain the results of this sludy. For each Cate-
gory (meeting engagements or sieges) the battles in Table 2 hava been grouped

*Son Cramér,13 Chap, 30, The value G ~ 1is not excluded. Readers mny sxpect to find V¢ eather than
6% in the denominator. The convenlional derivation of y2 sssumen that A, and V, describe a Poisson
procens, in which case the variance of ¥y ix indead V,. It is precisely for the renson that this a Doemoyl)i
pracenn that thin diffazant varianca appenra.
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according to force ratio Rf.*
Rf = max {ng/mg, mp/ug).

The difference in these distributions ig sufficient to merit the use of the two
separate categories. The fact that the numbers for Catlegory I are well approx-
imated by some form of exponential curve was first, but independently, noted
by Smith and Donovan.”

TABLE 2
HISTORICAL IRCIDENCE OF BATTLE vs FORCE RATIO

Range of force . Category Category
mtio Ry In - b
T1-L5 AW - 64
1.5-2 . 251 51
. 225 122 51
0 28-9 88 a8
C 34 © 58 . 69
45 ., 30 . Coar oo .
s o I
6T .13 22
T 9 102
41021 battlen. '
b472 battles.
TABLE 3 S
FREQUENCY OF VICTORY BY NUMERICALLY INFERIOR COMPATANT
S ) Cateyory 1 ‘ Category [l
" Range of force —- - —_—
“ratio Ry Frequoncy Dattles | 0 e Battlos : )
: ] !oughl“__ fuency {ought? , N
RN YO8 ¥ ) (C7H) B {64)
C 5.2 A5 (251) 28 (51)
B2 SO B ¢ V) 18 (1)
2.6-3 3 (58) - 13 - (38)
34 B 14 (56) .25 (69
4-5 Couar (30 . 10 L)
5-6 Lo 05 (38) .
6-7 i .21 (13) 05 (22)
=7 a4 (9) .09 (i02)

- #Valuen in parenthemon are from ‘Tahle 2.

The contents of Table 2 are ropéated in Table 3 togethar with the Trequency
of victory by the numerically inferior? combatant, Taking into account the re-
Hability of the data source the only possible vonclusion is that for Category 1
battles and for force ratics no more disparate than 5 to 1 the outcome of battle
is independent of the force ratio. Though Blue be numerically weakert the odds

*Notr: that this definition is perhaps unique to thia paper for the resson that the atacker was not identifisd.

H B . v
I'Throughout this paper the words “wenker” and “inferior” are aiways to be understood in terms of num-
bers of troops,




in favor of a Blue victory (3 to §) are independent of whether Red’s numerical
superiority is 1.1 to L or 5to 1.

To Lest the universality of these results the categories were subdivided
according to the combined strengths of opposing lorces and the year of the
battle. Table 4 defines 12 groups and shows the number of battles in each;

TABLE 4
MAJOR GROUPINGS OF BATTLES
Catrgory
Force or year
) ‘1, engagements II, nioges
By total forces (mg + ny) )
2,500-25,000 . 383 252
25,000-50,000 B 1 . 134
50,000-640,000 ‘ : 292 86
Total S o
By year of sceurronce -
. 161821792 ; P < I 24k
17921818 - o 469 178
1815-1905 M 58
Total N 1) O | £

Table 5 c'ont'uns battle m(‘ldcnce and victory datn for. ezu,h The onlv dev‘ations
Trom the pattertis in Table 3. occur for Category I:" for the mediem-8ized forces
(Table Se) and for the post~Napoleonic period (Table 5¢). In both instances the -
frequencies of victory to the weaker are roughly constant (like the general re-
sults for Category 1) wlthmJgh the value of this vonetant is lesa (odds of about
1tod).

Another lostuscd the meaualty mtios fm and fy definedunder Eqa Theldrge.
of these two numbers R, was recorded for each battle, and Table 6 shows the'
numbes of battles {n Catego,ry Tfor which R, i8 lesa than a specified fraction R.
For thosc battles for which\R; was in excess of 1/3, Table 7 shows the incidence
of battle and [requency of vintm*y by the weaker combatant, groupod as hefore
according to force ratio Rpj, . .

If finally in the light of; the #esully in Table Se (Cat. 1), only. the 84 battle's ,
in Category I that occurred hter than 1870 (beginning with the Franco-Prussian
war) are examined, it is found that even that blas against the wes ker (vnmbat:\nt
reported earlier hus disappeared. For force ratios less disparate than 4 to 1
the odds were-50-50 (see Table 8). Although it will be recognized that this re-
sult could be accounted for by the awing of jusgt geven builles, the implications
for wmwdern~day battie are sufficiently mteres*ing to warrant sxmilm‘ investiga-
tions of combal, since 1905,

Inasmuch as forde ratio seems to pl(ty a minor role in the decision of -
battle it should n6l be expected that Lanchester’s equations, which are built
around force ratio, will provide a nice determinant of winner and loser. Con~
trariwigse, working the equations backward from the outcome of batile to the
parameters of the theory is likely ie yield unsalisluclury resulls. The next
two sections bear this cut.

16
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TABLE 6

HISTORICAL INCIDENCE OF CASUALTY RATIOS
{Catagory 1)

Critical casualty ['raction of banles
ratio R with R .8 lesa than R
.05 .13
075 .25
10 4]
Ju5 50
.20 J3
25 82
33 : .00
.50 . 98
‘ e M
R ;= max (J' -i)
o mo
. TABLE 7

INCIDENCE OF [i}\'l"l‘LE AND FREQUENCY OF Vicrort -
: BY WEAKER COMBATANT :

Range of ‘Batilen with Frequency of victory ES

foren ratio, - R ».1/3 "by wonker combatant- T e R e e,

1-15 25 24

1,5-2 .18 .28

o 2-25 13 .08

253 EE Y 20 )
3-—4"‘ . 4. . 0 . $
4.5 B 5 0 i

. 5-6 0 )
6-7 1 0
>1 4 50 :

TagLE 8

84 BATTLES, 1870--1905
) (Cniegory 1)

o
v

Hange of o Fraquency of victory Frequencles averaged over
foree ratio Battles - by wonker side  extended rangee
1-1.5 32 59 - :
15~2 18 : 39 2. ’o ,L- i
2-2.5 1. a2 [
2.5-3 8 & | l ‘
3.4 6 17 KL
45 2 0 ’
5-6 1 0
67 4 6
> 3 3
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5. RESULTS OF CORRELATION ANAILYSIS

We now test the hypothesis that a set of N battles may be effectively
“described” by Eq 4 with parameters e and y or hy Eq 6 with parameters e,
B, and 8. Assuming that the deviatious in x, y, and z are normally distributed,
x is treated as the independent variable and the N values of 1, y, and z 4are
subjected to a least-squares analysis that yields two (,quflh()ns ine andy or
three in €, 8, and 6. At the same time the correlaticn coefficietits Py Pxzs
and py, are computed. In case y is sought (Eq 4) the value of (pxy)® is the
fraction of the variance of x that is explained by the hypothesized equation and
the variations of y. When solving for values-of f-and 6 it is better to look at’
the partial correlation coemcicnts Pxy,z and pgz,y, where for example, -

ny f’xlF’yz
((1-p2 ) 1-p% 0 #

@

!’xy,z

describes the part of the variation in x tlmt is due purely to y, assummg z is
held constant (see Hald’ for complete details). !

Analysis using Eq 4 shows the extent to which the casualty mtic is related
to the force ratio, and that using Eq 6 shows the extent to which the c"g,sualty
ratio is related separately ¢ iv the luser's and the winner’s strengths, ‘Should
Pxy,z and [)xzy be 1ndiv1dually considerably different from zero but add up to
zerd, one thet kaows that loser and winner are contributing equally to the cas-

: ualty ratio. Should they be individually near zero then one knows, and the values
. of B and 6 will confirm, that the casualty ratio is sensibly lndependent of lnltidl
~ strengths. .The linear law would pi*edict this 1esu1t.

IAml- 9
~ ResuLTs OF CORREL ATION ANALYbI‘i mec |_.() 4" ‘
. . quogory I - : Category 1
S‘llb‘cn[.ﬂgory r =
v Battlesb J I P © Dautlesb l y l P
" By totsl forces’ o ‘
2,500-26,000 - 130 -1 235 - 51 ~62 . 600
25,000-50,000 321 B ¥4 .49 —-.45 1
_ 50,000-640,000 285 ) 30 49 ~43 57¢
By time framo : o . L .
16181792 : 292 ~.50 32 : 0% ~6] 656
1792-1815 o437 © -.38 24 48 ~.27 A8
18151905 ’ 208 ) 41 35 26 ~61 iy
By Torce raiin : s '
145 . 476 -8 A2 27 87 27
1.5-.3 371, e .29 54 -37 32
55 5H8e 70" ~46 L 600

>3 9l: =

fe Mo
Blog — = log E + p log —-
Me o
r~styy
bi\ny elight dispority hetween the numbers i in this column and compurnble data elsewhere in real and re-
sults from detaction of errors in busie data oa annlysis procoeded,
CCorrelation coefficient over .5,
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Table 9 summarizes the rcsults for both Categories, using Eq 4. For all
subcategories examined, and for the battles as o whole, v was found to be not
0 or 1 or somewhere between, but lying between -.27 and -.87 with typical val-

ues around ~.5, especially when the correlation cocfficient was highest, Inas-

much as the limits of integration in Eq 9 all contain {1 + 29)'2 as a factor, il
is clear that for mathematical reasons one hopes that y > % Military theorists
should be discouraged to find ¥ < 0, {or in this range the results seem to imply

that if the Lanchester formulation is valid the casualty-producing power of troops

increases as they suffer casualties, ;
Heltbold! has discovered for a amall set of battles the same effect. Since

he assumes the validity of the square law he'interprets this result, not as a
denial of the square law, but rather as a demonstration of the dependence of E
on the force ratio. Inusmuch as he has not proved that the square law describes
his battles his explanation {s not compelling. : - .

T results of the corrclation analysis using Eq # simac.ed in
Tabi# o« Category I battles and in Table 11 for thosiui Citégory I The

. Tank 10
RESULTS OF CORRFLATION ANALYSIS OF CATRGORY [ BA -

Subcategury attles - B . & p”'

Ty total forcos” o
2,500-25,060 - 330 S ¥)

L i B S
25,000~50,000 -~ - 323 ~23 -5 AR
50,000-640,000" 286 37 .49 T 20 T
By time frame ' . |
1618-1792 202 -2 .50 24
" 17921815 . SR S48 .55 4D
18151005 210 a5 -2 .25
18701905 ' 84 -0 =60 .2
By forco ratio ) ) L :
1-1.8 c AT -27 ~B4 80
153 A7 . =38 =4
>3 ) L R Y
By exchange ratiad . . . ‘
I’=1.205 76 ©0 S0 -.08° 104 42 -43
N LD I 260 Ji o w0 a2 L 29 0 20 A1
B KR 1T R (1 R )| N U U - S
Y emualy rarioh e e e e
L0127 469 -5 -62 g2 . -30 -39 3
/128,333 : . 805 -7 -5l 32 i =19 s
» 304 » T8 =29 ~.56 a4 012 -7 .46
All battles 939 31 . ~5T 33 B} -2 W37
. changed randomly 939 - ~41 =57 33 g1 —-21 37
n, up 10 percent, m, . : .
down 10 pereent 939 3| - .57 33 A1 -2 W

Uie all cusualtion C 939 -1 ~52 32 16 -13 31

Ne .
Mo = ¢+ B log my ~ & log ng
e
Kwe+ By~8z
D't minus 2ign ia proper in thia coliwmn if 7 <.
cCorrelation coefficient aver 5.
dSen Sac & for explanation of exnct criterion.
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TABLE 11
RESULTS OF CORNELATION ANALYSIS OF CATEGORY 11 BATTLES, USING EQ 6

Subcategory hntllos A 8

Pxy Pxz Pry,z Pxz,y
Ry 10tal forces
2,500--25,000 5l -39 ~ 7 st —.26 -.33 608
25,000-50,000 : 49 -.40 =53 A5 -5 . =43 43
50,000-640,000 49 «“.40 «.87 33 -8 ~,508 A7
By time frame '
1618-1792 75 -~.59 62 Y L -39 | =559 578
1792-1815 48 - 21 -34 40 -30 -.32 41
1815.-1008° 26 FB0 . =70 7 42 - 06 48 .57
By force miiv :
-t 25 69 -4 37 A1 ) a1
1.5-2 ‘ 54 ~38 0 a7 06 16 .32 28
s AP 70 ~.35 57 . sEn . 32 -38 - 558
Ry oxchange ratio o : ) " : -
[4= 1,225 6. -.04 =05 a7 © 16 =0 Q9
I’e 1% 20 21 a6 15 231 A -32
edasd o e 3477 00 15 -8 10 a5 -~ .21
. By casunlty rutio " .- B oL . Coe
0-.127 T ) -6 6 A2 46 ~ 670 1558
128-.333 63 -0 - K7 A6 23 —u0 540
R T I By 0 ~4b . -7 518 =31 Y © 600

All batticn B VE) LA -55 .30 -0 49 opan

"Dcnnlm correlutiun coeflicient mier S5

armngement 01‘ data is the s*tme a§ in 'Iqble 9, rmd direct ('Onlp’\r'sons can be
made. It will be seen that the values of B-and 6 bracket the values of ¥ in

Table 9, but that § ~ 3 = .2 ahd is almost alwaye less than =.5. On the basis of
the Mlues of the p’s, onc would say that Eq 6°does not give a significantly better.

‘fit to the data than Eq 4; on the otlier hand the consistency of sign of 6 - {3 t8a

strong indication of a rea} effect,

‘, The next set pf tests required a sels cfirm of those battlés for which tne .
exchange ratic was nearly unity. With » wiiknown it was not desirable to biag
the"sample ‘In favor of an erroneous choice of . Two precautions were taken:
(a) Since Lanchester is being tested, in- terms not of Eq 1 but ol the time-~

; n‘{cpundcnt Eq 2, any ‘exchange ratio ured in this analysis- should be that perti~
-ne‘t_t to Eq 2. Combatants: will m.lintaln the same force ratio throughout the battle

if - (no/mo)l Y or (ng/mg) - V(149 Accordingly-it-is appropriate to define

[ = F/{L+Y)

. PPN . : . . i
and name it the integral exchange ratio, coming as il does from an integral

rather than from a differential equation. | has an advantage over Ein that it
is generally less sensitive than E {o ('lmnges iny. i '
(b) For gach battle two values of I were (omputed Ep and El—usmg _
Eq 2 and a value of y equal to the subscript. From them I3 and I} were com-~
puted in turn, A battle was rejected unless both Iy and |; fell in the range
' 1/1), where l” wasan arbitrarily choscn “constant.
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The test was performed with three different values of 1 /;
(L5 w 1,225; 1.5; (1.B)¥2 w 1,838,

and the columns so labeled in the tables refcr to the resulls of these tests.
Since only for Calegory I was the sample of any gize, only f‘mse battles
are dls(,\,lSS(,d It will be observed that:
(a) B and 6 are now the same within experimental error. :
(b) The average of f and & increages as I* becomes smaller and that even
for the 1'1rgest I- used this average is essgentially zero. These groups constitite

- the only. or‘es for which the writer has succceded in thmctm[, a-positive valup .

of the e_gcment
() The par::al corr elation coefficients incruxqc systamatic ally as |’ is
decreqsud showing thit a real elfect is being isolated. According to the t-test
the ccrreldtion is gignificant at the 0 { percent level for the sthallest value of

ST (1 e. when dat'1 are drawn lrom a populatlon that has a Gaussxan dlstribunon

result in’ an observecl value leSS tham the vafue’ reported here) :
By sgelecting battles according to values of the integral exchlmge ratm the

ﬁbmputnr has thus isolated a subset of Category I(o.lmost 50 percent of it) ‘for

which the eflective value of y is about zoro. - The&e are battles in which the two
opponetits are nearly evenly matched-(values of ]’nea{r unity). Tor thesé. battles
more information is available.. Table 12 shows’in . {prmat used. earlier the in-
cidence of battle and the frequency of victory by th\ wwker side. Note- thdt in
(‘ontmst to Category Iasa whole the weaker slde v, '. ; mirch more rarely a8

P PAnLE 12 3
lN(‘lDEN(‘E‘ oF BATT[E AND. Pnommun OF VicToRY mr WEAK R SIDE.

:

:-’,!h’aj‘)vgo of

j 1.225 ) s 1.838
force ratio : . .

Battlen. Probability “ Battles | Probability | - Battles !frohﬂbili?y.

v ) . Clategory 1. i
PR S 12 L9 166 40 Coo28 T 39
L U5 4 0 2 a6 NS VT IR 26 g
T 208 - 0. - . 0, 40 - a8 !
2,53 0 — <3 ¢ 12 J7
34 S0 —~ 3 0 - 15 - 0
43 0 — 0 - B 50
(,nlegnry -
1-1.8 6 a7 : 1w .20 11 18
155 0 - 6 17 1% 25
22,5 ] - 2 0 6 ]
2.5-3 0 — 2 0 4 0
3—4 ] - -9 - 1 0
S 0 o 0 — ¢ :

D3
[ b

12t




P - the adverse force ratio increases, For the larger valves of ] the incidence of
battle follows the general bahavior of Category I as a whole, bul for [~ £ 1.225
all force ratios are less than 2 and the overwhelming number less than 1.5
They are not typical of all battles with small force ratios. The identities of
these 76 battles were obtained and additional informat on about therm exiracted

; . from Bodart. In less than 10 percent did the bloody casualties suffered by either

‘ ; side exceed 20 percent, More importantly, almost none of these baltles would

’ : ' be called a “significant” one ircém a historical point of view (see App B).

‘ } _ Far the 939 - 410 = 529 battles {or which { (g, or.1}, or both) is outaide -

f _ ) th(, mng," defined by 17 = 1,838 the correlation between x and y is so small that

|

it was assumed that x = € ~ 62 In this cage it was found that 6 = --.328 with &
correlation coefficient py, = .29. By the t-test this result is sipnificant at a
o B= 60 can u)mbmo with some for which 6 » =1/3 toigive a composite with :

still more negative values of £ and 52 The answey aV' lie in the lack of ho=
rogeneity’ Jn appropriate valiies of € (or F =ec). For the 76 battles -E = 567,
for the 410 battles E ~ 3/5, and.for the 529 exclided battles Ew 1/65.

. Further to this point;: tor each b‘\.le(‘ the value of % was computh (Eq 2),
“assuming E= 1, This'was done by iteration, starting from a trial value of »
y/= 0.and terminating when the unsigrmd displa(,nments of two successive iter- -
Y - - ates were iegs than .01 and nat increasing (or in a few cases if the process:
G - e Tailed to converge). Tabie 13 summarizes these calculations for battles of

e - ‘Catepory. ). - - o ‘

‘r - -level beyond 0.G1 percent. How ls it possible that a sel’ of baitles for which.
i
b

S T . C o TamE 13
g DISTRIBUTION OF y FOR E =1 -
.~ (Category 1)

L For ; : . -For ‘
[rly w0 o p>0 o Iyi y<0  y>0
0= e 1.9 " 13 96
JA-2 14 15 - 2-3 53. 61
2-3 15 15 3ot . 24 .81
I X S P 17 -6 18 15
NS 14 5-6 16 13
. - ; -6 200 - 17 6-1 o7 14
s : C ‘ S 6T 18 18 7-8 ] 4
g - S / -8 1 s -losee LI
b ) i L R Y S8 .. M |90 5 2
O-L0 - 13 12 1" > 10 0" 29

- Although the computer print-out containg the information necessary to
i get least-squares  ‘uves for log [, only a few values of E thus derived have
¥ " been computed ax. orted because the process of solving for logarithms by
: least squares gen 1i'y Jeads to very poor values of the antilogarithms.

" Data on two « “hg, types of tests are contrined in Tables 10 and 11, Let
the upper casualty ratio

R, = max ("nc .T'c )
Mg Mo
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be computed for each battle (sec Table 8). The values of ! and 6 for three
ranges of R, are reported.

Finally, modilications in Bodart’s casualty numbers were made to test
the sensitivity of the resulls lo errors in the reports, I one test n, was mul-
tiplied by the factor

140,21,

where n, was a random number gencrated for each hattle by a rule(the numbers
tabulated by Suhler" were used) that agsured that the set of n's was normally

: distributcd with zero mean and unit variance, truncated at || = 4. In another

test all n/s were decreased by 10 percent and all m s increased 10 percent.

_ In the final test and in this one instance all casualties—dead, wounded, migs-

ing and captured—were included in the '1!111y513

8. RESULTS OF STOCHASTIC ANALYSIS | o o

l“igure 2 shows a histogmm of the obsezvecl distmbuu(m of valigs of wo

" with the results for v = 0 superposed on thode for y.= 1. For the construction

-and achieves its mgxiimum value of B5 aty » .82,

‘of Fig: 2, n always. ‘sturds for the winner dnd m the loser in Eq 9. As a Fesult- - — -

the successes of prediction arc rc gistered to the right of the d)smssa w=0,
the errore pf prediction to the left. A few values. beyond ~100 and +200 have

. not been musl whed, “For the Category I batties. summasized in Fig. 2, Brown )
is 76,4 per cent correct in puchctmg the outcome vt battle if y = 1, 77. B perr’ent

eorrectyor y = 0. There is little ty choose betwesy y = O ‘md Yy = 1 on this basis.
The center of gravity w(y) hag valwes of 55 and 74.for v =4 and -0, 1espeLtively,

Since P(w). is esspntmuy zero for w < -5.and essentially unity for w> +5
it follows that to the scale of Fig. 2 a plot of P(w) becomes cssentially the unit !
ste; function with the jump dat w= 0 (see Fig. 3). [This is another way of saying |
that In spite of the scale factor introduced by Brown (see Sec.2 of this paper) 1
the predictions of outconte by- stochastic and d(turministlc forms of Lanchester’s -
equations are almost. identical:] :

To this approximation Ve and o b‘eeome '

V, f 0dMu)+f T dNGw)

e N(oe) - N(D)
. m number of hattlas with w > @,

]
i
|

and

93 = i IN(O4)-N (0-)]
w4 (nnmlmr of hattlea with w exactly zero),

Thus Brown however sight or wr(mg is rarely in doubt about the outeomae of
baltle,

The 20 to 25 perc eat erroncous predictions are largely compensatory, as
a more detailed analysis shows. For the usual 938 battlcs of Category J, it is
found that, using Eqs 13 and 14, Brown “predicts” 621 victories by the strongez'
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with a standard deviation (o) of 3.2 battles; 586 actually were so won. Simi-
larly, for 149 batties of Category II, 123 victories were predicted with a stand-

“ard deviation of 1.3 battles; 121 occurred.

Table 14 shows a more detailed pietare of prediction and actuality, giving
the numbers for each of 31 groups of Category Tand 12 groups of Category II.
The batiles were arranged in order of value of Rp, and “t » groups were formed
in sequence from this list. Table 14 ig thus a variaat of Table 3 with different
ranges of P‘f' The correspondence between prediciion and cutcome is remark-
able, especially for Category II. The coeflicient of correldatign between Vg and
Ag 18 pyp = 0.885, the square of which is 0.79 and the same 43 the fraction of

. correct predictions. In the case of Category I, Pya 18 only 0.438, bemuqe there

ig a real variation of prediction with force mtio

Brown’s choice of scale factor is nof unique. Ono can be constructed that”
is closer in form to what would be expected on esthetic grounds from Lanchesler’s
equations: SF = (nnlz)+mnz)% * Then wis - . ‘

(2 (mv)/("—:’fﬂr:gz)} g

b.nd wl and wg merge to the Lommon value

' [ ok ¥ oo
Tnere is i sught improvcment in the: mnge of force mtm 6ver which prediotmn
and observation are in accord for Category 1. :

. For the values of Vg, Ag and oy given above and- G= 1 (one deg,ree of free=-
dom) one finds a X® of 62 for Category Tand of 3.3 to 3.8 for Category II. The .~

. probability associated with X? in this latter range lies befween 5 and 10 pexcent

and the dispersion of Category II résults is not significant, theugh the dispersion ‘

- of Cdtegory I data requires another explanation. (See Sec 3, first paragraph.)

I as is com')ntod for each of the groups defined in Table 14,- X% becomes
much larger on-account of the distribution-of the w's; for several of the: groups
the value of }2’(1 P) for every hattle is less thar 10~4," When the groups are,
aggregated X- may be reduced markedly, but not below the values quoted above,

It ¢can be ‘said that the step~function behavior of P(w) explains much of the
.results lr Table 3jbut not the outatanding [eature of Category Ibattles. The re-

_selts for Category 1 encountercd jn Tables 3,9, and 14 make more senge than

those for Category 1. The explangtion may be simply that there is- rarely any
doubt about the outcome of an g 'Lttqck on a fort; history .md Brown are very
likely to agree in these cases, P»lﬁrhaps the outcome of some of the Category I

"battles were better called Indecisive, a classification here. ighored. I thesc

draws were climinntcd the two Cutegories might appear much moreé alike.
Posaibly the real reason for the different behavior of the two Categories is
that, without any special care taken to ensure this result, Blue is almost al~
ways the attacker in Category II.i It is highly unlikely that the attacker in these
gituations was the vccupant of th¢ fortitied position, sallying forth upainst a

“*One advantege of this choice is that it is then possibie to construct on analogoss *thclmu ie llmovy
around the BEY T dite (]," 51 formulation of f.ancheater's nr‘unnnnn. withoul lumhfvmu Brown's nnﬂlvsm
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TABLE 14
PREDICTED AND OBSERVED DATTLE VICTORIES

Vsh

e Y WL rwd
y=0 l y=1 .

R

Category 1 (31 Battles/Group)

1.020 17.50 17.50 a1 -
1,071 13.14 13.19 17 488

1.100 17.00 17.01 16
1128 - 19.00 1901 19

1167 . 2304 28,20 24 . 43
1.200 19.00 . 19,00 22

1.217 9.01. 2,02 10

o , * 1250 16,01 16.02 . 18 532
: : - ' 1,275 18.50 . - 18,50 1
1.320 16,59 16,96 . 15 ¢
1364 21.50 21.50 20 _‘.37] .

/ o © L4000 1999 2000 22 |
T Laad 22,99 22,97 16 o
. 1,500 22.08 22.12 17 . 300
: : . LEOD . 20,00 20,00 - 2t ¢ ]
R 1.563 18,00 18.00° 20 o
ST R L665 . 2100 2000 - 18 J44
v . pe e " 1,667 22,000 22,00 23 )
L B o 1778 2000 2400 . o o
Py ‘ R “1.833 2300 . 28.00 . 22 . .27
o o LO4d L 2077 ¢ 2T 20 .
S - - o 2,000 21.50 21,50 18 S
S . - - - ‘ 2.000 24,50 24,50 20 260 -
B , D 2250 24,00 . - 22,000 1§ Lo
S - 2,400 26,00 25.00 23
TS G667 T TZAS0 2450 . 19 . ¢ oo

8.000 2278 zng2 19
3409 20,00 23000 20

4167 2300 18000 21 269
. 64 22,00 22,00 19 ’
' > 13 D800’ 8.00 6¢
Category Il (13 Battles/Group)
.23 897 892. 9
1 700 700 7
S L LT86 10,00 12607 10
: . | 2,143 12.00 12.00 12
' ) ; Cos00- 1000 10.00 10
: i I . ' : CB000 . 12,007 12,00 11
LT o g ‘ . 3,617 . 885 877 9
i : S i ) B 5000 - 850 - 951 10
(. L © 6154 12,00 12,00 13
B 7.750 12.t0 12,04 13
¥ 16.000 13.00 13.00 12
N~ 600 6.0 5!

*Breakpointa in valaes of Ry amed in forming
gronps, - ’ )

bVictorien to atrongar pradiclrd by Dhown,

CActual viclories to etronger out of 31 hattlen
per groap in Catsyory T and 13 in Gategory 11,

dFrequency of vietory to weskor pradictad by
Brown.

®Nine battles in this group.

Six buttlen in thim group.
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surrounding arimy in the field.. If all battles had been sorted by attacker und
defendsr, a higher measure of accord might be found between fact and theory.
The fact remaing that the results reported here are completely independent of
v and only weakly dependent on force ratio.

7. RESUME

On accouﬁt of the use made of Lanchester’s equations in analyzing war
games it would have been desirable to know who was the attacker in these ‘

© battles and iiow 1dany battles really cnded in a draw. In spite of this omission

it is Beliaved that, by means of the foregoing teats, the followmg observations
may be made for the battles studied:
" {a) In general, force ratiohas httle to do with predictmg the out(.ome

of battle.

(b) Lancheatex"s square law {a the poorest among poor alternatwe
choioes of determimstic laws~results are ingensitive to'y. :

(c). By &limination it is presumably the exchange ratlo t that has con- .
trolled the: outcome of battle and 1s.in some fashion responsible for‘the accu-

. racy with which Brown’s form of the stochastic equationg explains Table 3.
Althoagh the expregsion given by Eq 2 appar antly yiclds by hindsipht a qatis- _

' factory estimate of E, there is no theory for E. -
The writer concludes that in the absence of any method of predictmg E ’

reiiably there is Iittle value.in a simple version of lechester s enquations

as a predictive tonl where the only known quantlties are mm;n strengths.
. ; J
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Appendix A

: ' PRGOF OF CONVERGENCE OF SOLUTION OF STOCHASTIC
- ‘ L EQUATIONS TO DETERN’INISTlC FORM _

For a bqua.) a-law enuromm.nt Morse m‘c‘ Kimball'® gWe the following
. differential-difference equation forsthe; probabihty P(m n, t) that at ’ume t thex'
. x‘emain m Red survivors and n Blue qurvwors o ) y

— :P(mnl)-mﬂi [,P(mn+1:) P(mnt)] o ) .
4+ nE* 'AIP(m+lnt) P(mnt)] S (A1) *

whose rigl’t hqnd .,Xclc can be rewritten

) T K P(n+l)-1LP_Sp) nF ,;I'(mn) P
(n+ Yoepp (»Hl) ~h -

- mE% '_'2_1’”;5—:54%&' ' i

A m v

ll

“in an obvious notauon If we now a%un., ] and 1 to be conf,muous variables
and allow Am. and AM to approach zero, Eq Al becomes: g
,/ o i

'46P+1|C“%ap b - (AZ)
on um . - .

: " -_-—-P(m.n,l)hmt
;|

[
\I

Three ’elementary changes of variable bring abnut the fuxther transformatlons.

'llf ‘o

, Now Vnrlnblea © 777 New Eqeation .
! : - xemk¥ yanpeX éﬂéfa—P sy B (AB)
. L ] dy ax : . )
' : . : - .
i e
l B : : X'ty Umxmy o a ;,QB;,,, " S
i B R - B . o u o W
falogu 3= logv. w_oaw W (A4)
: ot dr . 05»

The canonic equation for- Ko Ad e
' aVPiry, =0, (A5)

where a is axiy' constaut vector. Equation A5 says that the g..dient of Pvan-
ishes ib the direction of a; or, P is a (unction of only the coordinates In the
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plane normal to a, The projection of the vecior r =ix+jy+kz on this plane is

axt = {aygz~a y)+jla,x-a,2) +k{ay—ayx),

andt P.myst depend on 1, y, and z only threugh those combinations that must
appear in 1t. Since any ot these compouents is a linear combination of the
other t¥o, there are only two degrees of freedom, and one may say that a gen-

eral ~m]uuon of. t‘q Al is

PuPlaz.- a,y, Ql~g,x),

an arbitrary function of two of the comumates of axr,

Returning to Eq A4 and using the previous argument one fmds that its

solution ca.n be written -
E PuP(t-s, t4r),

- which with some mqnipulatinn bec omes.
: i P~ I‘[c '(x-y) c‘(x+y)] i -

F‘or a battle whose initiation at t =048 descmbed by x = IO and y =

(A6)

4

YO )

the value of P then-is Bt = 0) = P(xo Yo Xo o). If the initial values.of xand y

are certa.in then " - . . . S
P(O)-” 8lx- y~(10 )'0)} B[( iy=- (ro yg)] S

(A7)

. %
in conformity wlth Eq A6. The 6 functions are the usual unit impulse functions
in Dlrnc ) notation A (% s eaﬂ(y to show that F‘q ‘AT is_more sxmply written -

, o o p((\)=b‘(x xo)*ﬂ()'ﬂ!o)v

v

whiu*h establishcs the normdll a\*ion given in Eq AT, ,'

(AB)

To get the complete golut "o\\ that’ possesses Eqs A'? or A8 as lhitial value
.subgtitute x; for mE% and y; fdr:aE-%. in Eq 1 and put y and g Fqual to unit}

p S
| | - YL

- . e <and v ——m - . .
L b T e

have the solutfxoﬁs . 5 .
: { l}n{xo} cosh ¢ - {701 minh f -
i) e ’ B S.1)

B ettny ey magmyy ]

I‘he resulting differ ential equations .

or

etxy+yq) =XGr Yy {;{
N I'd

“(,A’9)

1t is piausible (and provablc) that the desired solution to Eq A3 is

Pxy, 0 =28 et xmy) ~(xg=yo) <& {et(x+y) ~{xg+yoY), -
which. with the nelp vl Eq A9 hecomes g ‘

P(r,y,l) =B h—-y~(x,-ylfﬂ-Sl'u-y"—(xﬁym
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or finally
Pir,y 1) a8(xxy) Bly~y,) {A10)
in the pattern of Eq AS8. Utiliiing the identity

Y p - 7000 du
dx 1

dx
we get from Eq A10
: ¥1

—P(x y,l)--(—-+-—f—- Pix,y,1)
» X=Xy y-y

.Ty'ip---,—l-- P,.-——-)-!m Iy
ox -x) -1y

where the 1a.st expressions in the se('mxd and third lmeb Iollow Irom the known

propérttes of 5 functions. “Thus Eq A10 satisfies Eq A3.

It has now been proved (a) that the golution to Eq Al assigns zero proba- .

bility to any values of m and hat any time .t for which. m and/or-n is not glven

by the solution of Eq 1 with’ y andgset equal fzo unjty ‘and (b) that b¥ virtue of
. Eqs A6 and ‘A9 it assigns the same measure of certainty io' P(m, n, t)that it does
to P(mo, itg, 0) grovided m and nare solutions to Lanchester 8 qquare law evolv-
" i.ing from initial values. my and’ Hg- '

Finally it may be'shown that the integral fu P(x, y, )dt isa 8 function that

vanighés’ unless x=x) and. y=y1 for every value of ¢, so that zerd probability o
" is M/slgned to anv battlc that dep’xrts at all xrom an ideal square-law behavior

QED .
For valu(..: of y dererlt rrom 1 dmerent methods must be used gince

"Eq; 1 ca;mot 1n genaral be: integrated 1n closed form and no’ appruprxate analog
- of Eq Aa Fxlsts i .
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Appendix B
CATEGORY 1 BATTLE.S THAT CONFORM MOST NEARLY
'1’0 LANCHESTEH’S LINEAR OR SQUARE LAW

As indic‘ated in ﬂhe Summa,xy and in Sec 5 a list of those battles. of Cate-
gory T that conform most nearly to Linchester 's linear or square law is pre-

» sented here. (The spellmgs are Bodart’s.)

N or @ e oo
Nattie .7 Year - Winner .. " Loser i
- Witpfen 0 g L1622 MRE, % Spain” . - German insurgenta
Fleurus N 1622 w0 Gemia lueurgents HRE, Spain-
- Mulhrusen - . T 1674 France - - - - HRE
~Lund - . b 1676. Sweden™ __ " Denmark:
St Denis = - 1678 .France - Holland, Spain
Steonkerke S - 169¢ France - . " - Allies '
Olaschin B TT 1696 7 “Turkey . ‘HRE .- — = -
Feckeren -~ - —— S.1700 . UFranee, S;mj_n;,,, ___.Ragland, qulgjgd .
Speyar ) . 1703 France HAE, Holl}_nnd Prussia
‘llochsmdt (Blanhulm) 1704 ’ hnglund lolland, I'rancs, Bavaria -
. - Prussia, HRE . :
Tupin . L Coe 1706 ) HAF, Piedmont rrnuce, Spain’
O\ulennrdu o WOE “England, Holland, l‘ F‘runbe, quin
. o - HRE ] _
.o (‘on( (Madonnn dall'Olmn) 1744 " ‘France, Spain fi Au-trin, Smdmia
oy Lawleldi (Laffolt) - 1747 France England, lfoilnn\
- ' L " : e Austria
/ Liobositz . 1756 Prussia’ Austria | :
i Luttarnberg -~ 1758 Franig Henne, l[qnnver )

. ‘Kuneradarf T 1759 Russia, Austria Prussia ;- L B
Warburg ‘ 1740 Englind, Germnny . l"r_qnce g
Liegnitz . . 1760 . Prusaia : husuia sy

- Torgaw e 1760 Prussia Austria: C

i Burkeradorf S - 1762 - Prussia - o chemtdd - - T

¢ Stiflwater { - 0 S 1 - America. - ~ " Fingland .. .

} Neerwinden! -1 Austria o * " France
‘Wnttignies ' : 1793 Franue : Allies
Loano S - 1798 Frange. - ) Adntria, Sardinia °

" Neresheim Co 1796 France Austria
F.mmemlwugun o ©1796 Austria France
Caldiere 1796 Austria © France

"{oly Roman Empira,
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a1 A

-

Rattle Year Winner Loser
Veronab 1799 -
Magnano 1799 Austria Irance
Novi 1799 Auatria, Russin ['rance
San yartino d’Albare 1800 I'rance Austria
Engen and Stockach 1800
Monte Becco 1800
Marengo . 1800
i Neuburg 1800
I : Mincio 1800
' Gunzlurg 1605 . !
Caldiera ) 1805 . Austrin Franze -
Precnsisch-Eylau - 1807 France Russia, Prissia . 5
Mediua-dz-Rio-Seco 'i 1808 ¢ ¢ France Bpain !
Fiay isizaa- dr-lon-MnntemgQ 1808 France . Spain
Snc.i.,, : 1609 Ausirin France
Regenaburg 1809 - France . Austria
Raab (Gy8r) 1809 = France ' oo Auapria
Talavera de [a Refna- 1809 - " England, Spain Friince
"Schumla 1810 - Turkey, Tussia
Murviadra (Sngnnlo) IR U3t France * “ Spriin T
‘ Jukubovo ©1812 Husafa " Franeo . EE
S Taechaschniki . 181%" Russia . : France
: Wolknwmk (lznbolm) - 1812 ‘\uutrlu, Saxony, . Russia
: - France v :
! ,Vuoun ) 1213 Fngland, Pormgnl France
a . ’ Spnm ) '
Hagelberg - 1813 Prussie France -
Bnynnne 1818 Finglind, Portugal, Frnr\ge :
2 Spain " . < B }
.)’Brh‘rma — Fronce o "Prm-mml Rnum_ oL T It
Migeln _'France, Italy Austria o |
Qrtkaz . ; | Englund, Poteugai _France Gt .
cLang, e Ve 183 ~ Amerlea - anland Co i
- Waver - Frange ~ Proggia - vio
e 1631 Poland, Russln S
Gnatoag 1848 Austein” Sardinia " _
—. . - Murtata 1849 " Austria . - Sardinin R ) .
o ) uohar.uo ] 3859 . France, Sardinia Austria o P
- Pea Rhlge ' 1862 Unfon (‘fznfedomcy .
Perryville 7\ - 1862 Conlederacy o Unlon™ 7t
Prairie Grove* T 1862 Union (‘nn'{ede‘micy
Musfressboro (Stones Rivor) 13623 ~Union Confederdcy. .
. Ober-belk and Juge! 1E64 Austein Denmark B
! J7 Drewry's Blaff 1864 Confederacy Unlan.
Ronsbyunn - 1866 Prussin " Bavarin
Spihoren 1870 Gemuny i" Fragce
_ Ruilaves 1870 ; ' :
"', .o ’ o Acigne 1870 {
‘ Nots (870 o
Schiphs £'-un 1877 - Russia - "Turkey _
Liao-Jang 1904 Japa Nussia !

blndecinive hattle hetveop Frence and Austria, Aumtrie aspumed victorious,

:
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